A CLASSIFICATION FOR 2-ISOMETRIES OF NONCOMMUTATIVE 
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Abstract. In this paper we extend previous results of Banach, Lamperti and Yeadon on 
isometries of L p -spaces to the non-tracial case first introduced by Haagerup. Specifically, 
we use operator space techniques and an extrapolation argument to prove that every 2- 
isometry T : L p (A4) — > L p (Af) between arbitrary noncommutative i p -spaces can always 
be written in the form 

T(ipp) = w((p o 7T _1 o E)p , ipeMt- 

Here ir is a normal ^-isomorphism from M. onto the von Neumann subalgebra ir(A4) of 
Af, w is a partial isometry in A/", and E is a normal conditional expectation from Af onto 
tt(A4). As a consequence of this, any 2-isometry is automatically a complete isometry 
and has completely contractively complemented range. 



1. Introduction 

The investigation of isometries on L p -spaces has a long tradition in the theory of Banach 
spaces and has connections to probability and ergodic theory. Banach [2] considered the 
discrete case and showed that for a surjective isometry on £ p one deduces the existence 
of a permutation n : N — > N and a sequence of scalars {A„} with unit modulus so that 
T(e n ) = A„e 7r („). Banach also stated, without proof, the form of surjective isometries of 
L p ([0, l],m). These are weighted composition operators; i.e. 

(1.1) T(f)(x) = h(x)f(<p(x)), xe[0,l], 

where ip is a measurable bijection of the unit interval and h is a measurable function 
with \h\ p = ^ ^ g s ] lown \yy Lamperti |24l . this paradigm is still basically correct 



din 

for non-surjective isometries on general L P (X, but the "composition" is defined in 

terms of a mapping on the measurable sets (a so-called regular set isomorphism, see or 
[7j). For a sufficiently nice measure space, there is still an underlying point mapping (see 
[T2] ). Notice that a set mapping is nothing but a map on the projections in the associated 
Loo-algebras, so Lamperti's result can be formulated naturally in terms of von Neumann 
algebras! Moreover, this formulation implies that isometries must preserve disjointness of 
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support, which has been a key step in every stage of the classification of L p -isometries, 
including the present paper. 

The most familiar noncommutative L p -space is the Schatten-von Neumann p-ideal S p 
the class of operators in fC(Sj) (or in B(Sj)) whose singular values are p-summable. 
Segal [37j extended this concept to general semifinite von Neumann algebras. In this cat- 
egory, Lp-isometries have been investigated by Broise [I], Russo [SH], Arazy [Tj, Katavolos 
[T7] . [THj . [12], and Tam (JHI- In 1981, Yeadon [H3] finally gave a satisfactory answer. 

Theorem 1. [531 Theorem 2] Let A4 and M be two semifinite von Neumann algebras with 
traces t>i and tjj, respectively. For 1 < p < oo and p ^ 2, a linear map 

T : L p (M,t m ) — ► L p (Af , Ttf) 

is an isometry if and only if there exist a normal Jordan *-monomorphism J : M. —>■ N ', a 
partial isometry w G Af, and a positive self-adjoint operator B affiliated with M such that 
the spectral projections of B commute with J(M), which verify the following conditions: 

(1) w*w = J(l) = s(B); 

(2) t m (x) = T M (BPJ(x)) for all x e M + ; 

(3) T(x) =wBJ(x) for all x G M fl L p (M, r M ). 

Moreover, J, w, and B are uniquely determined by the above conditions (1) — (3). 

At approximately the same time, Haagerup P discovered a way to construct noncom- 
mutative L p -spaces from arbitrary von Neumann algebras. While many people worked on 
general noncommutative L p -spaces over the last twenty years, until recently little progress 
had been made on the classification of their isometries. Watanabe wrote a series of papers 
(including [1U] and 50J supplying many ideas and some partial results. In |38], Watan- 
abe's techniques are developed to obtain classification results for L p -isometries which are 
complementary to those established in the present paper (by entirely different methods), 
and in [SH] a canonical form of surjective L p -isometries is derived, proving that L P (A4) 
and L p (N) are isometrically isomorphic if and only if Ai and M are Jordan *-isomorphic. 

In this paper, we use operator space techniques to give a complete classification of 2- 
isometries on general noncommutative L p -spaces. We begin by extending Yeadon's result 
to isometries between noncommutative L p -spaces where only the initial von Neumann 
algebra is assumed semifinite (using a recent result of Raynaud/Xu [SI])- After some 
background information (section 2) this task is performed in section 3. If we drop the 
assumption that the initial algebra is semifinite, then L p (A4)r\A4 = {0}, and a new kind of 
problem occurs. There is no longer a canonical embedding of the von Neumann algebra (or 
finite elements therein) into the noncommutative L p -space, and therefore we may no longer 
use the lattice of projections canonically. This has been the main obstruction for applying 
Yeadon's groundbreaking technique [SS]. We found that operator space methods can be 
employed to overcome this difficulty The operator space structure of noncommutative 
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L p - spaces was introduced by Pisier [HO! and later extended to the non-semifinite case 
(see [XI] and [SI], the structure in jB] is not entirely compatible here). In section 4 
we are essentially interested in taking columns and rows of elements in L p in order to 
classify complete isometries. Previous work for the case p = 1 was done by |2E] and [27] - 
While isometries are connected with Jordan structure, a 2-isometry must already preserve 
multiplicative structure. This is one of the key observations for our result, the other being 
an extrapolation argument which shows that if we have an L p -isometry for one p ^ 2, then 
we have an associated isometry for any other p. The case p = 4 connects with the theory 
of selfpolar forms (from ^Uj) and thus can be used to construct a conditional expectation, 
leading to a proof of the main theorems. The final section of the paper consists of remarks. 
To be more specific let us fix some notation. If M is a von Neumann algebra, then 

L p (M) is the linear span of elements (pp, where <p ranges over the positive states in A/"*. 

Theorem 2. Let 1 < p ^ 2 < oo and T : L p (A4) — > L P (N) be a linear map. The following 
are equivalent: 

i) id®T : L p (M 2 <g> M) -> L p (M 2 <g> A/") is an isometry, 

ii) id®T : L p (M m ® Ai) — > L p (M m <S> A/") is an isometry for all m G N, 

iii) There exists an injective normal *-homomorphism n : A4 — ► J\T, a partial isometry 
w G M , and a conditional expectation E from M onto tc(M) such that 

(1.2) T(p) = w^o^oEjF, ^GJV+. 

In (11.2ft we have to use the fact that a map defined on positive vectors extends uniquely 
to the whole of L p (J\f). Moreover, we recall that L P (N) is an M — M bimodule, so that 

wipp is a well-defined element satisfying ||w<^p|| p = y(l)^ (see jlTj for more details). In 

the a-finite case, <f)pj\f is dense in L p (J\f) for every normal faithful state (p. Then we may 
alternatively describe T by 

(1.3) T{(ppx) = w^on- 1 oE)ptt{x), x G M. 

Notice that when </> is not tracial, the inclusion mapping i p : Af — » L p (J\f), i p (x) = (j)px, 
no longer preserves disjoint left supports. This is the obstacle mentioned above. 

To end this introduction let us mention some recent sources which will provide further 
background to interested readers. The book of Fleming and Jamison 7: is an up-to-date 
survey on isometries in Banach spaces (including classical L p -spaces); their companion 
volume will treat the case of noncommutative L p -spaces. The handbook article of Pisier 
and Xu [32j provides a general overview of noncommutative L p -spaces, focusing on Banach 
space properties and including a rich bibliography. There is also recent groundbreaking 
work on the non-isometric isomorphism/embedding question by Haagerup, Rosenthal, and 
Sukochev [TT] which is entirely disjoint to the isometric analysis of this paper. 
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2. Some background 

In this section we provide some background on noncommutative L p -spaces and their 
operator space structure. The readers are referred to Nelson Kosaki [22], Terp j^Tj 
and [48 for details on noncommutative L p -spaces and to Pisier 30 , [31J, Fidalco 6j, and 
Junge-Ruan-Xu [Hj for the canonical operator space structure on these spaces. Pisier 
and Xu's recent survey paper [32] provides a nice overview of this subject. For general 
background on the modular theory of von Neumann algebras, we recommend the Takesaki 
oeuvre [HU, jSj and gHj, and Stratila |2T] . 

We first recall the L p -space (1 < p < oo) associated with a semifinite algebra Ai 
equipped with a given normal faithful semifinite trace r (simply called a "trace" from here 
on). Consider the set 

{TeM I \\T\\ P ^ t(\T\ p ) 1/p < oo}. 

It can be shown that || • || p defines a norm on this set. Then the norm completion, which 
is denoted L p (Ai, r), is the noncommutative L p -space obtained from (Ai, r). It turns out 
that one can identify elements of L p (Ai, r) with certain r-measurable operators affiliated 
with Ai (see j2H])- Clearly r is playing the role of integration here. 

A von Neumann algebra lacking a faithful trace is not amenable to the previous defini- 
tion. There are several alternative constructions which work in full generality. Let us first 
recall the construction initiated by Haagerup and carried out in detail by Terp [4"Tj . 
Choose a normal faithful semifinite weight on Ai. We consider the one-parameter mod- 
ular automorphism af (associated with <p) on Ai and obtain a semifinite von Neumann 
algebra Ai = Ai M. which has an induced trace r and a trace-scaling dual action 9 
such that t o $ s = e~ s r for all s£l. 

The original von Neumann algebra Ai can be identified with a ^-invariant von Neumann 
subalgebra L^Ai) of Ai. For 1 < p < oo, the noncommutative L p -space L p (Ai,(f>) is 
defined to be the space of all (unbounded) r-measurable operators affiliated with Ai such 
that S (T) = e~pT for all s £ M. It is known from Terp |4T| Chapter II] that there is 
a one-to-one correspondence between bounded (positive) linear functionals ip £ Ai* and 
r-measurable (positive self-adjoint) operators £ Li(Ai,4>) under the connection given 
by 

4>(x) = r(h^x), x £ Ai, 

where ip is the so-called dual weight for ip. This correspondence actually extends to 
all of Ai* and Li(A4,(p), and we may define the "tracial" linear functional tr = tr M : 
L 1 (M,0)^Cby 

(2.1) tr(h^p) = "0(1), satisfying tr{h^x) = tr(xh^) = ip(x), ip £ Ait , x £ Ai. 

Given any h £ L p (Ai), we have the polar decomposition h = w\h\, where \h\ is a positive 
operator in L p (Ai) + and w is a partial isometry contained in Ai such that the projection 
si(h) = ww* is the left support of h and the projection s r {h) = w*w is the right support 
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of h. (We simply use s for the support of positive vectors, operators, and maps.) We can 
define a Banach space norm on L p (Ai, </>) by 

(2.2) \\h\\ p = tr(\h\ p )p =i/j(1)p 

if ip G At* corresponds to \h\ p G Li(.M,0) + . With this norm, it is easy to see that 
Li(A4,<f)) is isometrically and orderly isomorphic to At*. We note that up to isometry 
the noncommutative L p -space constructed above is actually independent of the choice of 
normal faithful semifmite weight on At. Therefore, we will simply write L p (At) if there 
is no confusion. 

We note that for any positive operator h G L p (At) + , h p is a positive operator in Li(At) + 

and thus we can write h p = for a corresponding positive linear functional ip G Ait- 

i 

Therefore, we may identify h with ipp, i.e. we can simply write 

i 

h = ipp . 

This notation, discussed specifically in [22], [El Section V.B.a] and [30], provides the 
relations 

IP*?-* = (Dip : D<p) u ip u x<p- u = <r?(x), <p,tpe Mt, V faithful. 

It will be used in section 4, where it suggests that the main results really deal with 
"noncommutative weighted composition operators" . 

For 1 < p < oo, we let L p (Ai)' denote the dual space of L P (M). Then we can obtain 
the isometric isomorphism L p (Ai)' = L p i(M) under the trace duality 

(2.3) (x, y) = tr(xy) = tr(yx) 

for all x G L p (M) and y G L p >(A4). (Throughout p' denotes the conjugate exponent of p; 
i.e. 1 + i = 1.) ' 

One of the advantages in using Haagerup's approach is that the natural Ai—Ai bimodule 
structure on L p (A4) is just operator composition. It was shown in [T3J Lemma 1.2] that 
for any h G L P (A4), we have 



(2.4) {xh | x G M} = L p (M)s r (h) and {hx \ x G M} = Si(h)L p (M). 

In particular, if At is a a-finite von Neumann algebra and is a normal faithful positive 
linear functional on At, then h = <fip is a cyclic vector in L p (Ai), i.e. 

{x(f)p | x G At} and {(fipx \ x G At} 

are norm dense in L p (Ai). In this case, we can obtain the following result (see Junge and 
Sherman ^SJ Lemma 1.3]). 

Lemma 2.1. Let <p G Atf be faithful. A bounded net {x a } G Ai converges strongly to x, 
x a x, if and only if x a (j)p — > xcpp (or (f)px a — > j m L P (A4). 
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Next let us recall Kosaki's complex interpolation construction of L P (M) (see |22j). We 
assume that Ai is a a-fmite von Neumann algebra and is a normal faithful state on M.. 
Then we may identify M. with a subspace of .M* by the right embedding 

x e M h-> 4>x e M*, 

where (4>x,y) = 4>(xy). We use the right embedding (instead of the left embedding) 
in this paper for the convenience of our notation in representation theorems. Then the 

complex interpolation [.M,.M*]i is a Banach space which can be isometrically identified 

p 

i 

with <j)7L p {M) by 

i 

for all h E L p (M) (see [221 Theorem 9.1]). In particular, any (fipx E L P (M) corresponds 

to an element (f>x in [M, .MJi since 

p 

1 _L 

(2.5) <px = (ftp 7 (4>px). 

In this case, we have 

( 2 - 6 ) \\<t> x \\[M,M*}i = 

p 

We will simply write L P (M) = [M.,Ai*]i when there is no confusion. 

p 

Using the complex interpolation, Pisier j20j contructed a canonical operator space ma- 
trix norm 

(2.7) M n (L p (M)) = [M n (M), M n (M?)]i 

p 

on L p (A4) (also see [HI] and [Hj). For each n E N, we may also consider the noncom- 
mutative Sp-integral Sp[L p (Ai)] of L p (M) and it turns out that we have the isometric 
isomorphism 

(2.8) S;[L p {M)] = L p {M n ®M). 
Moreover we can recover the canonical matrix norm on L p (Ai) by 

(2-9) \\x\\ Mn (L p (M)) = sup{\\ax(3\\sn [LpiM)] : \\a\\ s $ p , \\P\\s% < !}• 

Consequently, a linear map T : L p (Ai) — > L P (N) is a complete contraction (respectively, 
a complete isometry) if and only if for every n E N, 

id 5? ®T:^[L p (A^)]^^[L p (^)] 

is a contraction (respectively, an isometry). 

Finally let us recall the following equality condition for the noncommutative Clarkson 
inequality, which was shown for semifinite von Neumann algebras by Yeadon for 
general von Neumann algebras with 2 < p < oo by Kosaki j2Ij, and just recently for all 
p 7^ 2 by Raynaud and Xu [33j. 
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Theorem 2.2. For h,ke L P (M), < p ^ 2 < oo, 

(2.10) \\h + k\\ p p + \\h - k\\ p p = 2{\\h\\ p p + \\k\\ p ) ^ hk* = h*k = 0. 

Let us agree to say that L p vectors h and k are orthogonal when they satisfy the 
conditions in (j2.10j) . We mentioned earlier that isometries on classical L p -spaces preserve 
disjointness of support. Theorem 12.21 tells us that isometries on general noncommutative 
Lp-spaces preserve orthogonality. This plays a key role in several of our proofs. 

3. A GENERALIZATION OF YEADON'S THEOREM 

In 1981, Yeadon obtained a very satisfactory and complete description for isometries be- 
tween noncommutative L p -spaces associated with semifinite von Neumann algebras (The- 
orem above). We found that an analog of Yeadon's result still holds if the initial algebra 
A4 is semifinite and the range algebra Af is arbitrary. The proof of this generalized result 
is almost the same as that given in Yeadon The major difference is that if Af is a 
general von Neumann algebra with a normal faithful semifinite weight 0, the positive self- 
adjoint operator B is affiliated with the semifinite von Neumann algebra crossed product 
Af = Af R (instead of Af), and condition (2) in Theorem [T] should be revised as 

r M (x)=tr x (B p J(x)) 

for all x G A4 + , where tr^[ is the Haagerup trace introduced in (|2.ip . We will outline the 
proof of this generalized result in the following theorem since it will provide us necessary 
notations and motivation for the rest of the paper. We note that a proof by different 
methods can be found in Sherman [HE!- Yeadon could not have proven such a result 
because general L p -spaces were only being invented as he was writing his paper, but he 
did prove it for preduals (the p = 1 case) in [531 §4] . 

In the rest of this section, let us assume that A4 is a semifinite von Neumann algebra 
with a (normal faithful semifinite) trace tm and Af is an arbitrary von Neumann algebra 
with a normal faithful semifinite weight 0, which induces the normal faithful semifnite 
trace on the crossed product J\f — J\f xi^ R, and the Haagerup trace tr^ on L\{N). 

Theorem 3.1. For 1 < p < oo and p ^ 2, a linear map 

T : L p (M,t m ) — > L p (J\[) 

is an isometry if and only if there exist a normal Jordan *-monomorphism J : M. — > N ', 
a partial isometry w E Af, and a positive self-adjoint operator B affiliated with Af such 

s 

that 9 S (B) = e~pB for all s G R and the spectral projections of B commute with J(A4) C 
Af C Af, which verify the following conditions: 

(1) w*w = J(l) = s{B); 

(2) t m (x) = tr N (B p J(x)) for all x G M n L P (M); 

(3) T(x) = wBJ(x) for all x G M C) L p (M,t m ). 

Moreover, J, w, and B are uniquely determined by the above conditions (1) — (3). 
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Proof. First note that the stated conditions do define an isometry; (2) implies 
11*11? = r M (\x\ p ) = tr x (B p J(\x\ p )) = tr M {\BJ{x)\v) = \\T(x)\\* 

for any x G M. f] L p ( M. ) . In the rest of the proof we derive these conditions for an 
arbitrary isometry T. 

For each r^-finite projection e G A4, we let T(e) = w e B e be the polar decomposition of 
T(e) G L p (Af). Then w e is a partial isometry in M and B e = \T(e)\ is a positive element 
of L p (J\f) such that 

(3.1) B e w* e w e = B e = w* e w e B e . 

If we define J(e) = u>*u> e = s r (T(e)) = s(B e ) to be the corresponding projection in Af, 
then B e commutes with J(e). 

Let e and / be two mutually orthogonal r^-finite projections in A4. Since T is an 
isometry, we have 

± T{f)\\l = \\T(e ± = ||e ± /|g = || e |g + = ||T( e )||^ + ||T(/)||£. 
Then the Clarkson inequality is an equality, and we can conclude by Theorem 12.21 that 

T(e)*T(f) = T(e)T(f)* = 0. 

This implies that 

B e Bf = 0, J(e)J(f) = 0, and w * e w f = w eW*f = 0. 
The linearity of T gives w e+ fB e+ j = w e B e + WfBf, from which 

B 2 e+f = (w e+f B e+f y(w e+f B e+f ) = (w e B e +w f B f y(w e B e + w f B f ) = B 2 e +Bj = (B e + B f ) 2 
and so 

w e B e + w f Bf = w e+ fB e+f = w e+f B e + w e+f Bf. 

This implies 

(3.2) B e+f = B e + B f , J(e + f) = J(e) + J(f), and w e+f = w e + w f . 

If x = ^i e i G is a self-adjoint simple operator with mutually orthogonal r-finite 
projections {e^} in A4, we define J(x) = ^AjJ(e«). It is easy to verify that 

J(x 2 ) = J(x) 2 and || J(x)||oo = IklU- 

Moreover, we have J(Xx) = Xx for all real A and J(x + y) = J(x) + J(y) if x and y are 
commuting self-adjoint simple operators in Ai. In general, for any self-adjoint operator 
x G M., there exists a sequence of simple functions /„ on the spectrum of x with /„(0) = 
which converges uniformly to the identity function /(A) = A. We define J(x) to be the 
|| • Hoc-limit of J(f n (x)) in Af. 

Now fix a TA/f-finite projection eeM. If / is a projection in KA such that / < e, then 
T(f) = T(e)J(f) and thus 

(3.3) T(x) = T(e)J(x) = w e B e J(x) 



L p 2-ISOMETRIES 



9 



for all x G eA4 sa e. It follows that for any i,i/G eA4 sa e, 

T(e)(J(x + y)- J(x) - J{y)) = T(x + y) - T(x) - T(y) = 0. 

This implies 

J{x + y)-J{x)-J{y) = 

and thus J is a real linear map from eA4 sa e into Af sa . Next we can extend J to a *-linear 
map on all of eA4e by 

J(x + iy) = J(x) + iJ{y), Wx,yeeM sa e. 

Still on eA4e, we have 

J[(x + iy) 2 } = J[x 2 - y 2 + i((x + yf - x 2 - y 2 )] 

= J(x) 2 - J(y) 2 + i((J(x) + J{y)) 2 - J(x) 2 - J{y) 2 ) = [J(x + iy)} 2 . 

This shows that J is a Jordan *-monomorphism on eA4e. The normality of J follows from 
()3.3|) and Lemma 12.11 It is clear from (j3.1|) and the above construction that all spectral 
projections of B e commute with J(eM.e). 

If tm is a finite trace, we may take B — B\ and the theorem is proved. If tm is n ot 
finite, some gluing must be done. In this case, we may assume that {e a } is the (increasing) 
net of all r^-finite projections in M.. Then e a — > 1 in the strong operator topology. By 
()3.2jl and ()3.3j) . we may find a partial isometry w G M (as a strong limit of {w ea }) and a 
positive self-adjoint operator B (as the supremum of {B Ca }) affiliated with A/", and extend 
J to a normal Jordan *-monomorphism from Ai into M such that conditions (1) — (3) are 
satisfied. In this case, the spectral projections of B commute with J(Ai), and B satisfies 
6 S (B) = e~pB for all s6i We also have 

(3.4) w ea = wJ(e a ), B ea = BJ(e a ), 
and 

(3.5) tr N {B p y) = Bup{tr j v(Sf o y)} 

for every y G Af + . Since each B v e G Li(M) corresponds to a normal positive linear func- 
tional (p a = trj\f(B*! •) on A/", B p corresponds to a normal semifinite weight if = trj^(B p -) 
on A/", which has support J(l). Therefore, if is faithful when restricted to J(l)J\fJ(l). 
The uniqueness of J, w, and B is an easy consequence which we leave to the reader. ■ 

If we assume J(l) = 1 then if is a normal faithful semifinite weight on Af. In this case, 
we may write L p (N) = L p (J\f, (p) and it follows from the conditions (2) and (3) in Theorem 
13.21 that the Jordan *-monomorphism J : A4 —>■ Af induces an orderly isometric injection 
Jp° from L p (A4, t m ) into L p {N , ip), which is given by 

(3.6) J${x) = BJ(x) 

for all x G A4 P) L p (A4, r). If J(l) ^ 1, then we may orderly and isometrically identify 
L p (M,t m ) with a subspace of L p (J(l)AfJ(l),ip) ~ J(1)L P (N)J{1). 
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Using a standard matricial technique, we obtain the following equivalence result. The 
p — 1 case is mentioned (without proof) in j2Z] . 

Proposition 3.2. Let M. be a semifinite von Neumann algebra and let Af be an arbitrary 
von Neumann algebra. For an isometry T = wBJ : L P (A4, tm) — > L p (Af) with 1 < p < oo 
and p 7^ 2, the following statements are equivalent: 

(i) T is a complete isometry, 

(ii) T is a 2-isometry, 

(hi) the Jordan map J : A4 — > M is multiplicative. 

Proof. It is obvious that (i) =J> (ii). 

If J is multiplicative from A4 into Af then J n = id n <8> J is a ^isomorphism from M n (.M) 
into M n (Af) for every n e N. In this case, we can write 

ids, ® T : S£[£ P (.M)] = L p (M n ®M, tr n <g> r M ) - SL n [L p (A0] = L p (M n ®Af) 



as 



id 5 n ® T = W n B n J n 



Here t« n = 4 ® w is a partial isometry in M n (Af) such that io*ii> n = J n (l n ). If we let 
£? = swp{B ea } as in the proof of Theorem 13 .11 then B 

n — sup a (-Be a (Bp B ea (Bp • • • (Bp B &a ) is 
a positive selfadjoint operator affiliated with M n (Af) whose spectral projections commute 
with J n (M n (M)). We have that 

(tr n ® tm)(x) = (tr n ® J n (x)) 

for all x G M„(.M) + . Then each zd 5 « ® T : S£[L P (M)] -> ^[L p (jV)] is an isometry by 
Theorem 13.11 Therefore, T is a complete isometry and we proved (iii) => (i). 

It remains to prove (ii) implies (iii). First T is an isometry and thus has the represen- 
tation T = wBJ by Theorem 13.11 Since T is also a 2-isometry, we deduce an isometry 

f = id sl ®T: S 2 p [L p (M, r M )} - S p 2 [L p (A0]. 

Applying Theorem 13.11 to T, we obtain a normal Jordan *-monomorphism 

J : M 2 ®M -> M 2 ®Af, 

a partial isometry u; e M 2 (g)Af, and a positive selfadjoint operator satisfying the condi- 
tions in Theorem 13. II 

= 1,2) are r^-finite projections in AA, then e : 



If e,- 



e 2 



is a (tr 2 ® r^)-finite 



projection in M 2 ®A4. Let T(e) = WgBe be the polar decomposition of T 2 (e) and let 
T(ei) = w ei B ei be the polar decomposition of T(ei) (i = 1,2). Since 



T(e) 



T(e0 







u> ei 




~B ei " 





T(e 2 )_ 




_ W £2 _ 




. 
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we must have, by the uniqueness of the polar decomposition, 



Wz 



We, 








and Bz 









B P , 





'e x 0" 




J( ei ) 





( 


e 2 _ 


)" 








According to the definition of J given in the proof of Theorem 13.11 we have 

J 

and thus we can conclude that 

J 

for all x, y G M.. Since T is an M2-bimodule morphism, we can write 





~x 0" 




J(x) 


( 


y 


)- 


.. 



x 
V 

Then for any x, y G .M, we obtain 



1 

1 



a; 
y 



1 

1 



T(x) 






r(y) 



From this we can conclude that J(xy) = J(x)J(y) since 





"0 x~ 




J(x)" 


( 


V °. 


)" 





J(x?/) 
J(j/ar) 



J 



xy 




J(x) 

Ay) o 



J 



J(x 

J(y) o 






J(3/)J(x) 



Therefore J is multiplicative. Finally we note that we can conclude from the above cal- 
culations that J = J 2 , w = w 2 and B = B 2 . ■ 

If T = wBJ : L p (A4, t m ) — > L p (H) is a 2-isometry (or equivalently, a complete isome- 
try) with J a normal *-monomorphism from M. into A/", then 



(3.7) 



5 = w*T = BJ 



is a completely positive and completely isometric injection from L p (A4,r M ) into L p (J\f). 
Therefore, we can completely orderly and completely isometrically identify L p (A4,tm) 
with the operator subspace S(L p (JA,tm)) of L p (Af). 

Proposition 3.3. Let T : L p (M,tm) ^ L p (N) be a 2-isometry (or equivalently, a com- 
plete isometry). Then T(L p (M.,tm)) is completely contractively complemented in L p (N). 

If, in addition, T is positive, then T(L p (J\A,r M )) is completely positively and completely 
contractively complemented in L p {J\f). 
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Proof. Assume the notation of Theorem Kill We have that J is multiplicative by Propo- 
sition E21 so that J(A4) is a von Neumann subalgebra of Af. Without loss of generality, 
we may assume that tp = tr^-{B p -) is faithful on Af. Otherwise we restrict our argument 
to J(i)A/V(l). 

Since B p is the Pedersen-Takesaki derivative [2H] of <P on Af with respect to rn-, we have 
that 

*Kv) = 4(V) = BVyB-*, yEAfcAf. 

In particular, we have 

af(J(x)) = B ipt J{x)B- ipt = J{x) 

for all x G A4, since B commutes with J(A4). Then we can conclude from Takesaki's 
theorem [32] that there exists a unique normal conditional expectation E from Af onto 
J(M) such that 

(p o E = cp. 

From this, we may induce a completely positive and completely contractive projection 
E p from L p (Af) = L p (Af,ip) onto w*T(L p (A4, r)) (see [TT] . [TH] . [SB], or the construction 
sketched after Lemma 14 .8|) . Then h ^ wE p (w*h) is the required projection. If T is 
positive, w and w* may be omitted, so this projection is E p itself. ■ 

Proposition 13.31 is a noncommutative version of the classical fact that for any isometric 
embedding 

T : L P (X, E x , fix) -> L P (Y, Ey, /iy), 

the image space T(L P (X, must be contractively complemented in L P (Y, Sy,/iy) 

(see Lacey [22] )• Stronger results are in Theorem 14.91 of this paper and Section 8 of |3~%| . 

4. 2-ISOMETRIES ON GENERAL NONCOMMUTATIVE L p -SPACES 

The aim of this section is to study 2-isometries on general noncommutative L p -spaces. 

i 

We will use the alternative notation, i.e. positive linear functionals <pp , instead of positive 

i 

self-adjoint operators h^,, for elements in L p (A4) + . Until the proof of Theorem [2] given at 
the end of the section, we assume that A4 is an arbitrary cr-finite von Neumann algebra 
with a fixed normal faithful state 0. We also use for its corresponding density operator 
hcf, in Li(A4), so that (fipAA is norm dense in L P (A4). 

As in §3, we start by using support projections to construct an embedding from A4 into 
Af. But since A4 f]L p (A4) = {0} (p ^ oo) when A4 is not semifinite, we cannot directly 

employ the projection lattice of A4, and instead work with the vectors {(ppx \ x E A4}. 
Then 2x2 matrix equations produce the *-monomorphism 7r (in the next proposition), 
but several steps are still required to show that n(A4) is complemented and obtain the 
desired decomposition for T. 
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Proposition 4.1. Let 1 < p < oo and p ^ 2. If T : L P (M) — > L P {M) is a 2-isometry, 
then there exists a normal *-monomorphism n : M. — ► M such that 

(4.1) T(<ppx) = T(0p)vr(x) , ieM. 
Moreover, tt does not depend on the choice of (faithful) <fi G M.^ . 
Proof. We first define a map tt between projection lattices by 

(4.2) tt : e G V(M) ^ s r (T(<f>h)) G V{M). 

pe) = w e \T((j)pe)\, we set ir(e) 



That is, with the polar decomposition T( 
then 

r 1 

iv e 



w* e w e . lie L f, 



and 



0' 
>F/ 0. 



0_ 

are two orthogonal elements in ^[/^(.M)]. By Theorem 12.21 their images 

T ^ e ) °1 and [ ° °" 

o oj TO'/) o. 

under ids2 ® T are orthogonal in Sp[L p (Af)]. This shows that 



T(<j)pe) 




s r (T(0pe)) 


o" 




7r(e) 


0" 
















SrTO*/)) 


o" 




*(/) 


0" 

















is orthogonal to 

0" 

,TOF/) 0., 

and thus 7r(e) is orthogonal to 7r(/). Since 

T(0p)vr(e) = [T(0pe) + T(0p(l - e))]vr(e) = T(0pe) + T(0p)tt(1 - e)7r(e) = T(0*e), 

we have (|4.1jl for projections in M.. As a consequence, we obtain 

7r(e + /) = 7T(e) + tt(/) 

for orthogonal projections e _L / since 

T(0^)vr(e + /) = T(^(e + /)) = T^e) + T{<£ f) = T(<^)(vr(e) + tt(/)) 

and T(4>p) is separating for the right action of 7r(l)A/V(l). 

Now we extend tt as in the proof of Theorem 13.11 first to finite real linear combinations 
of orthogonal projections, then to all self-adjoint elements in Ai by continuity, and finally 
to all of A4 by complex linearity. Apparently tt satisfies 

T{<f)px) = T((f)p)ir(x), xeM. 

This relation implies additivity: for x,y G M, we have 

T(<fip)ir(x + y) = T(<f>p(x + y)) = T((j>px) + T((j>py) = T((/)p)(tc(x) + Tr(y)). 



14 MARIUS JUNGE*, ZHONG-JIN RUAN*, AND DAVID SHERMAN 

Now let u be a unitary element of Ai. Replacing <frp by 4>pu in the definition of 7r, we 
obtain a new *-preserving map tt u . For a projection e in Ai, 



- 1 


o" 


and 





0" 


_ 







_(ppu(l — e) 






are orthogonal, so 7r(e) _L ti u (1 — e). Since 

7T U (1) = s r (T(0pw)) = s r (7r(u)) = 7r(l), 

we must have 7r(e) = 7r u (e) for every projection e, whence 7r = 7r u . Then for any x G At, 

i i i i 

T((f)p)7i(ux) = T(<f)pux) = T((ppu)7i(x) = T((pp)7i(u)7i(x). 

Since the linear span of the unitaries is all of At, it follows that it is multiplicative. Then 

T((fipxy) = T((fip)n(xy) = T(<pp)iT(x)7{(y) = T((fipx)7c(y), x,y G Ai, 

(densely) establishes ()4.1|) and the independence of it from the choice of <p. 

To prove the normality of 7T, we let {x a } be a bounded net in Ai such that x a A x in 
the strong topology. It follows from Lemma \2. II that <ppx a — > (ppx in Lp(A'f), and thus 

T((f)p)ir(x a ) = T((j>px a ) — > T((f>px) = T((pp)n(x) 
in L p (J\f). Again by Lemma \2. 11 this implies 

7c(x a ) A Tt( X ) 

in 7r(l)A/"7r(l) and thus in Af. ■ 

Duality will be a very important tool in the following arguments. Given a bounded 
linear map T : L p (Ai) — > L p (Af), we let T' : L p i(N) — ► L p /(.M) denote the adjoint of T 
and let T'* = (T')* denote the *-adjoint of T', i.e., 

T'*(k) = T'{k*)* keL p (N). 

Then 

tr M (T'*(k)*h) = tr M (k*T(h)) , h G £ P (M), A; G V(AT), 

defines a sesquilinear form on L p (At) x L p >(J\f). We also set the notation (p = |T(y?p)| p 
for any state (p G Thus (pp is the absolute value of T(ipp). 

Lemma 4.2. Lei 1 < p < oo and /et T : L p (A^) — ► L p (Af) be a 2-isometry (or an isometry 
satisfying ()4.1|) ). Then 

(f) O 7T = . 

Proof. Let us first assume that p ^ 1. Since is a normal faithful state in At+, then 0p 
is a unit vector in L p (A4) since 

||^||5 = 0(1) = 1. 
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This implies that T((j)~p) = w<fp is a unit vector in L p (Af) and thus 

Since L p /(A4) is uniformly convex, <pp admits exactly one norm attaining element. Thus 
we must have 

T *(w(pp r ) = 4)7 . 

On the other hand, we have 

j_ i , _j_ i _j_ i 

<p(x) = tr M (((pp')*(j)px) = tr M (T *(w4>p')*4>px) = tr_hf((w(j)p' )*T((/)px)) 

- 1 -i - 

= trj\f((j)P T W*W(t)P7l(x)) = (j)(7l(x)) . 

- 1 1 

If p = 1, the same argument applies, replacing ^7 and 4>p r by 1. (Since <f is faithful, it 
attains its norm at 1 only.) ■ 

We can already say quite a lot in case p — 1. 

Proposition 4.3. LetT : Af* — > AC be a2-isometry. There are a normal *-monomorphism 
7r : A4 — > Af, a partial isometry w G Af, and a normal conditional expectation E : Af — > 
7r(A4) such that 

T(ip) = w(ip o 7T _1 o E), <p G Af*. 

Proof. It was shown in [2H1 Theorem 3.2] that for any such Li-isometry T, there are a 
normal Jordan *-monomorphism J : Af — > A/", a partial isometry w G A/", and a normal 
positive projection P : Af — > J(A4), faithful on J(1)A/J(1), such that 

T((p)=w[<poJ~ 1 oP), ipeM*. 

(We note that an equivalent result was proved earlier by Kirchberg (201 •) So the induced 
map S = w*T is a positive isometry and thus we can get <p = <p o J -1 o P for all ip G A4^. 
Precomposing with the 7r from Proposition 14.11 and applying Lemma f4. 21 

(p o J -1 oPon = (po7r = Lp, V faithful G A4^f. 

Apparently J -1 o P o it is the identity map. In particular, we have P(7r(e)) = J(e) for any 
projection e in Af. Using properties of P and J (see [3H1 Lemma 5.4]), we can conclude 
that 

P(J(e)vr(e) J(e)) = J(e)P(vr(e)) J(e) = [J(e)] 3 = J(e) = P(J(e)). 

Since J(e)7r(e) J(e) < J(e) and J(l) = s(P), we must have J(e)n(e) J(e) = «/(e). This 
implies 7r(e) > J(e). Since P(7r(e) — J(e)) = 0, we must have 7r(e) = J(e). Therefore 
J = 7r is multiplicative and P = P is a normal conditional expectation from Af onto 
7r(Af). ■ 
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Lemma 4.4. Let Mi be a von Neumann subalgebra of M2 and let <p be a normal faithful 
state on M2 with (p = 0|jvi ■ For 2 < p < 00, 



- 1 




1 




<j)PX 


< 


<j)PX 










L v {Mi) 



for all x G Mi . 

Proof. We first recall from Section 2 that we can identify Haagerup's L p -space L p (Mi) 

with the complex interpolation spaces [Mi, (Mi)*] 1 (i = 1,2) (see (|2.5jl and (|2.fij) ). Since 

_ _ p 

— <f>Wi an d are normal faithful states onjVi and A/2, respectively, the induced inclusion 

l 2 : <j>*x G L 2 (Mi, 4>) -> <^x G L 2 (AT 2 , 0) 
is an isometric inclusion. The corresponding inclusion 

l 2 ■ cj)x g [Mi, ^ 4>x e [M 2 , (A/2)*] 1 

between complex interpolation spaces is also an isometric inclusion. Then for any 2 < p < 
00 the canonical inclusion 

t p : 0p£ G L p (Mi) — > (f)px G L p (M 2 ) 
is a contraction since it can be identified with the complex interpolation 

l>p [too > ^2] ^ , 

V 

where we let too : Mi ^ M 2 denote the canonical inclusion of Mi into M 2 . ■ 
Getting back to T, let us assume that 

T((f>px) = 4>ptt(x). 

Otherwise, we may replace T with (ppx i— > w*T(<ppx) where w is the partial isometry 
obtain from the polar decomposition T(<pp) = w<pp . For any 1 < q < 00, we define the 
related maps 

T q ((j)vx) = 097r(x) . 

Corollary 4.5. Let 1 < p < 2. IfT = T v : <ppx 1— > (pp-n^x) is an isometry, then T p i is also 
an isometry. 

Proof. Let us show that T' p *T p is the identity on L V (M). Indeed, by definition and Lemma 
Owe find 

' -i 1 -1 1 -a - 1 

tr M (T p *((pP7r(y)y(f)p 7 x) = tr M (((j}PT:(y))*T p ,((j)7 x)) = tr^(ir(y*)(f>p <\rf 'ir(x)) 

= 4>(7r(xy*)) = (j)(xy*) = tr M (((j)py)*(j)7x) . 

By duality we conclude that T',*(0p7t(?/)) = (fipy. This implies that 

T^(T p (<f>py))) = T';0tx{x)) = <ppy. 
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This shows that T p ?T p 



id 



L P (M) 



. By duality, we deduce that 



id 



L p/ (M) 



(T'tT p )'* 



t;t p , . 



By assumption T p and thus T* is a contraction. T p > is also contractive by Lemma f4.4l so 
it must be an isometry. ■ 

Due to Corollary 14.51 we may now focus on the case 2 < p < oo. The main argument 
here is to show that if T p is isometric for some value of p, then it is isometric for all 
values. We will use Kosaki's interpolation theorem for the proof of this result but in a 
more explicit form. Let us use the notation & = {zeC\0< Re(z) < 1}. 

Lemma 4.6. Let and ip be normal faithful states such that ip < C<p for some constant 



C > 0. Let2<r<p<q<oo and ± 
h : & — *■ A4 such that 



+ £ . Then there exists an analytic function 



(1) 
(2) 



(j}«h(it) 



< 1, 



4>rh(l + it) 



<1, 



(3) 0*/i(O) = V«, = 0-^(1) = ^ f , 

(4) the maps 1 1— > +it)0^ ; t h(it)(j)i are continuous. 

Proof. Since ■?/> < C0, we have by [2J Theorem VIII. 3. 17] (taking adjoints) that the 
Connes cocycle derivative (D<p : Dip) t = ip^tp -11 extends off the real line to a u-weakly 
continuous function on {z \ < Imz < 1/2} which is analytic in the interior. We define 



- and set 

9 



h(z) = (Dcf> : D^). ( 



Note that h is analytic on (3. 
We have 



4>ih{it) 



it it ' 
[(f) "If) »)ip c 



(j) 1 s 1p1~ 



1p~< 



1. 



Similarly, 



(f>rh(l + U) 



(0 s 1p s)lpr 



1 . 



1 \ 1 it it 

The equalities for 0«/i(O), <prh{l) and <j)ph(9) are obvious. Since (4>~~ip~) is a cocycle, it 
is strongly continuous. Then we obtain the last statement by Lemma 12.11 and the above 
equations. ■ 

We are now able to prove the key extrapolation result. 

Proposition 4.7. Let be a normal faithful state on J\f, o tt = <p, and T p ((pp~x) = 

(ppn(x). If T p is an isometry for some 2 < p < oo, then T p is an isometry for all 
2 < p < oo. 
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Proof. Let 2<r<p<g<oo and assume that T p is an isometry. We want to show that 
T a and T r are isometries. We define - = - — - and 6 by - = — - + -. Let us assume 

1 i s r q J p q r 

that ip is a normal faithful state with ip <C(f) for some constant C < oo. (Such if) form a 
dense face of .M^, see e.g. [TSJ -) We know that T q is a contraction by Lemma FO| assume 
toward a contradiction that 



< 1 . 



Since T„ is continuous, we can find a 5 > such that 



(4.3) 



T q (<p-~ip-^) <(1-S) 
i 

for all \t\ < S. Let fig be the probability measure on the boundary of the strip (3 such that 

f{z)d l x 6 {z) = f(6) 



for every harmonic function on &. This is just a relocation of the Poisson kernel, so 
Lebesgue measure is absolute continuous with respect to /ig (an explicit formula is in [3 
Section 4.3, p. 93]). Therefore fig([—i5,i5]) > 0. So we may also find e > such that 
l_E > 1 — Sfig[— i5, id). Since L p >(J\f) = [L q >(Af), L r >(Af)]g, we may find an approximately 



l+e 



norm-attaining element for T p (t/jp) as a simple element of the interpolation space. That is, 
we find an analytic function g : & — > L r >(J\f), continuous on the boundary and vanishing 
at oo such that 



<(l + e) 



\g{l + it)\\ r > < (l + e)> 



and 



I - e <\tr M (g(9)^-vT p ^v))\ . 
Let h be the function given by Lemma f4.6[ and set 

F(z) = tr M {g{z)^ir{h(z))) = tr N {g{z)T r {^h{z))) . 

Since z t— > (f)~h(z) is analytic in the strip and continuous at the boundary and bounded, 
we know that F is analytic, continuous at the boundary and vanishes at oo. Therefore, 
we deduce that 



(4.4) 



e < \tr(g(9)^-- pTp (^h(9))\ = \tr(g(6)^ii(h(9))\ = \F(8)\ 



F(z)d/j,g(z) 



< 



\F(it)\dno(it) 



\F(l + it)\dn g (it) . 



1+iR 



For all t we have 
|F(it)| = \tr M {g(it)T r {^h(it))\ 



< 



g{it)<jr' 



<jy*h(it) 



\tr M (g(it)0rTr(h(it)))\ = \tr K {g{it)4)r"T q {^h{it))\ 
< (l + e). 
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However, for \t\ < 5, we note by (|4.Hjl that the inequality is stronger: 
\F{it)\ = \tr M {g{it)T r {^h{it))\ = \tr^{g{it)^Tr{h{it)))\ = \tr u {g{it)^T q {^h{it))\ 



< 



g(it)(f)r- 



T(<f>«h(it)) 



< a+s) 



it it 1 , 



IpT Ipq^ < (l + e)(l-<y) . 



Similarly, we find 

\F(l + it)\ < 1 + e. 

By (14. 4|) . this implies 
l-e < (l + £)[(l-5)ii g ([-i5,i5})+fi g (de\[-i5,i 

contradicting the choice of e. This shows that 



1 + e)[l - 5fi e ([-i5,i 



1. The argument for 



T r (ijT 



1 is similar. 



It was shown in that the Mazur map ip l— > V* 9 * s continuous. So the above argument 

applies to a dense set of L q (M) + . Since T q is a contraction, we deduce for all positive 

i 

elements ipo 



\L q {M) 



For an arbitrary element fa G L ? (.M), we write /if* = |£*| where f is a partial isometry. 
Then 



\h\ 



\h* 



\h*\ 



\T q (\h*\ 



\T g (h)7T(v*)\\< \\T q 



Therefore T q is an isometry. The same argument applies for T r . 



Lemma 4.8. Keep the notations of the previous proposition, and let T4 be a 2-isometry. 
Then for all x G M., 









047t(x)04 








2 





Proof. Let x be a positive element, then we know that 



4 7r(a;)04 






2 


/ — I 


2 






047r(x 2 ) 




04x 2 




04^04 


2 


4 




4 





Given an arbitrary element x G Ai of norm less than one, the matrix 



1 x 

X* 1 



is positive. We apply the observation above to x and tr 2 <8> as a normal faithful state on 
M 2 {M) and deduce 



(tr 2 ® 0)4 7r 2 (a;)(tr2 (g> 0) 



1 
4 



(tr 2 ® 0) 4 a;(tr 2 ® 0) 
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Since 



>4£' 



(tr 2 <8> 0)4x(tr 2 <8> 0) : 



2 
2 



we have 



{ti 2 ®tr M ) 



(tr 2 
1 



04 







1 




02 




1 X 




_ 


04 




x 1 




05 




X* 1 






1 








3 .1 






3-1 


"0 + 


04X 


02^04 




04X04 + 


dhx*d) 


4 




1 






. 1 








n + 


04X*04 


+ 04£ 


^)2X*04 



- ( 2tr M {4>) + tr^,(03x*02x04) + tr 



1 + 



1, the same calculation shows that 

2 



Since 0(7r(l)) 

(tr 2 <g> 0)3 7r 2 (x)(tr 2 (8) 0) 
This proves the assertion. 



1 + 



047r(x)04 



At this point we recall how complete isometries of L p -spaces can be constructed from 
either ^isomorphisms or conditional expectations. Details for the constructions of the 
next two paragraphs can be found in [TT], [TB], and [3%] . 

Let n : Mi — > M 2 be a surjective *-isomorphism, and let G (.Mi)* be faithful. Then 
there is an associated completely isometric isomorphism n p : L p (Mi) L P (M 2 ), densely 
defined by 



)PX 



O TT 



)P7T(X) 



x e M\. 

Now consider the situation where .Mi is a conditioned a-finite subalgebra of -M 2 , so that 
there are a normal "^-isomorphism l : M.i ^ Ai 2 (thought of as the identity map) and a 
normal conditional expectation E : M 2 A4i. By interpolation one can find a complete 
isometry i p : L p (A / ii) L P (A1 2 ) and a complete contraction i? p : L p (M 2 ) -» i p (L p (Mi)). 
Both t p and -E p are completely positive. With £ (.Mi)* faithful, i p is densely defined by 



)PX 



E)px, 



x G Mi. 



Theorem 4.9. Let 1 < p ^ 2 < oo. ^4 linear map T : L p (M) — > L p (N) is a 2-isometry if 
and only if there exist a normal * -monomorphism i\ : M — > A/", a partial isometry w G AA 7 
and a normal conditional expectation E : M — > 7r(A4) suc/i t/iat 7r(l) = u>*u> and 



(4.5) 



T((j)px) 



O 7T 



7T X 



Vx G AL 



Under these conditions, the range T(L P (M)) is completely contractively complemented, 
and T is a module map: 



T(hx) = T(h)fr(x) 



Wx G M, h G L p (M). 
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Proof. First note that maps of the form (|4.5jl are always complete isometries with com- 
pletely contractively complemented range: they decompose as tt p , then l p , then left mul- 
tiplication by w. Each of these is a complete isometry, and the image is the range of the 
complete contraction L p (M. 2 ) 3 h h- > wE p (w*h). 

Now we turn to the derivation of ()4.5|) for 2-isometries. The case p = 1 has been proved 
in Proposition 14.31 To prove the result for general p, we may first apply Proposition 14.11 
and assume that 

T((j)px) = 0P7r(x) . 

We can obtain the result for general T by multiplying by an appropriate partial isometry. 

According to Lemma f4. 21 we also know that <fi = <fi o tt. If T is a 2-isometry for some 
1 < p 7^ 2 < oo, then we can claim from Corollary 14.51 and Proposition 14.71 that T 4 is a 
2-isometry. Then Lemma F4.8I shows that 



) 4 X(, 



4> 4 n(x)(j) 4 



— _L — J_ — _L —J 

((J) 4 'K(x)(f) 4 , (f) 4 Tc(y)(J) 4 



By polarization, we deduce 

((p 4 x<fi 4 , 4> 4 y(p 4 ) 
for all x, y G A4. This means that 

tr M (<f>*x<f>*y*) = tr^(^Tr(x)^Tr(y)*) . 
In other words the sesquilinear selfpolar form [51 j s^(x,y) = trQhx^y*) satisfies 
(4-6) s^ {M)xAM) = s^ w(M] . 

Now by a result of Haagerup and St0rmer fOJ Theorem 4.2], equation (|4.6j) and the 
equality 7r(l) = s(0) imply the existence of a faithful normal conditional expectation 
F : 7r(l)A/"7r(l) -> 7r(A<) such that = 0oF. Defining E : x ^ F(7r(l)x7r(l)), x G jV, we 
have 

(f) = (j)0E = (f)0 7T _1 O i^, 

which establishes (|4.5j) . ■ 



Proof of Theorem^ The main difference between Theorem |21 and Theorem 14.91 is that T 
is described on the spanning set of positive vectors {<pp \ <p G M.t} instead of the dense set 
{4>px | x G Ai} (and T becomes everywhere-defined by linearity). The equation (jl.2j) is a 
noncommutative version of (Jl.lj) . so that T may be naturally viewed as a "noncommutative 
weighted composition operator". To establish (jl.2jl . it is sufficient to show that the data 
7r, E, w of Theorem 14.91 do not depend on the choice of G Ait- 

For this, choose an arbitrary faithful ip G M.~£ satisfying tpp < C(f)p for some C < oo. 
(Again, this set is dense.) The assumption means that d = {D<p : Dip)i/ p exists in At, and 

by analytic continuation we have 0pd = ipp . (In fact the equation d = p-0p is justified 
rigorously in |1Q].) Cocycles are functorial with respect to normal ^isomorphisms, and 
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they are invariant when weights are precomposed with a normal conditional expectation 
jH Corollary IX.4.22], so 

n(d) = (D((f) o n- 1 o E) : D(ip o tt" 1 o E)) i/p . 

Then we have 

T(ipp) = T((fipd) = w((j) o 7T _1 o E)pn(d) = w(if) o tt^ 1 o E)p. 

By density, this establishes (|1.2|) . See also jHHl Section 6]. 

Finally we note that the formulation of Theorem El does not require the a-fmiteness of 
A4. For each q in the net of a-finite projections, the restricted isometry T : L p (qAiq) = 
qL p (M)q — > L p (N) is of the form (jl.2j) for some w q ,TT q ,E q . One only needs to glue them 
all together. This can be done in exactly the same way as in the proof of Theorem 13.11 

■ 

5. Concluding remarks 

Remark 1. If, in the setup of Theorem El we require that w*w = 7r(l) is the support of 
E, then ir, w, and E are uniquely determined. For suppose that 7Ti, Ex, Wx also define the 
2-isometry T, and assume that s(Ex) = tti(1)- Then for all ip G ■> 

W(lf O 7T _1 O E)p = Wx(lf O 7Tj~ 1 O i*^)? if O 7T _1 O E = Lf O 7Tf 1 O ^ 

=>- 7T _1 o E = n^ 1 o Ex id = 7r _1 o J5 o 7Ti =>- 7r = o 7Ti. 

Now take a projection p G A4 and calculate 

S(7r(p)7Ti(p)7r(p)) = Tr(p)E(<Kx(p))-K(p) = n(p) 3 = 7t(p) = E(ir(p)). 

Since E is faithful on 7r(l)A/*7r(l), we must have 7r(p)7Ti(p)7r(p) = 7r(p), or irx(p) > 7r(p). 
Reversing the argument proves the equality of 7r and 7Ti, and the other data must be equal 
also (subject to w*w = 7r(l) = w^wx). 

Remark 2. Given such a 2-isometry T decomposed as in Theorem |2l the associated map 

S : L P (M) -> L p (Af), h h-> w*T(h), 

is a completely positive complete isometry whose range is completely positively and com- 
pletely contractively complemented. If T is positive, then w = 7r(l) and T = S (and in 
particular T is already completely positive). 

Remark 3. The arguments in section 0] can be used to establish the following result, 
which seems to be of independent interest. The main step strengthens Lemma \4 . 81 bv only 
requiring T to be an isometry (i.e. not a 2-isometry). 

Proposition 5.1. Let M. C M be a unital inclusion of von Neumann algebras with cf) G 
M. +, 4> G , both faithful, satisfying cf) \m— 0- Assume that the map 

T p : L P (M) -> L P (M); (fipx h-> iGTW, 
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is isometric for some 1 < p ^ 2 < oo. Then there exists a faithful normal conditional 
expectation E : Af — > Ai such that <j> = 4> o E. 

Proof. It follows from Lemma ^31 Corollary 14. 51 and Proposition 14 . 71 that if T p is isometric 
for one p in the given range, it is isometric for all. In particular, T 4 is isometric, so that 
for any Ai 3 y > 0, 

(5.1) 110*2/0*11 = ||0*2/*|| 2 = II^Mll 2 = 110*2/0*11- 

Suppose that y G Ai is only self-adjoint. For all scalar t > \\y\\, (|5.1jl implies 

||0*#*|| 2 + 2*0(</)+t 2 ||0|| = \\^(y + tl)^\\ 2 

= ||0*(j/ + il)0*|| 2 

= ||0*#*|| 2 + 2*0(y)+* 2 ||0||. 

Since these are polynomials in t which agree on a half-line, they must have the same 
constant terms. We conclude that (|5.1|) holds for all self-adjoint y G Ai. 

In other words the map 0*2/04 1— » 047/04 (with y G Ai sa ) is isometric between the real 
Hilbert spaces L 2 (-M) sa and L 2 (M) sa - It therefore preserves inner products, which is the 
same as saying that the self-polar form agrees with restricted to Ai x Ai. Then the 
Haagerup-St0rmer result [PUl Theorem 4.2] again implies the existence of a faithful normal 
conditional expectation E : Af — > Ai satisfying (p = (p o E. ■ 
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